Abstract. For two semi-simple algebras A and B over an arbitrary ground field F , we give a numerical criterion when Hom F -alg (A, B), the set of Falgebra homomorphisms between them, is non-empty. We also determine when the orbit set B × \ Hom F -alg (A, B) is finite and give an explicit formula for its cardinality. A few applications of main results are given.
Introduction
Semi-simple algebras are the most fundamental objects in the non-commutative ring theory. They also serve as a useful tool for studying some basic objects in algebraic geometry and number theory such as abelian varieties, Drinfeld modules, or elliptic sheaves those form a semi-simple category. While studying objects X as above with extra symmetries, one considers objects X together with an additional structure ι : A → End(X) ⊗ Q on X by a semi-simple algebra A. This leads to a general question when a homomorphism exists from a given semi-simple algebra to another one.
We let F denote the ground field. Suppose A is a (finite-dimensional) central simple algebra over F , and K a finite field extension of F . In what condition does there exist an F -algebra embedding of K into A? The following well-known result answers this question; see [4, 13.3 Theorem and Corollary, p. 241].
Theorem 1.1. Assume that [K : F ] = [A : F ]. Then there is an embedding of K into A as F -algebras if and only if K splits A, i.e. A ⊗ F K is a matrix algebra over K. In this case, K is isomorphic to a strictly maximal subfield of A.
Note that any F -algebra homomorphism from K to A is an embedding. In this paper we consider the following general problem of embedding of a semi-simple algebra into another one:
(P1) Let A and B be two semi-simple F -algebras. Find a necessary and sufficient condition for them such that there is an embedding or a homomorphism of F -algebras from A into B.
Let Hom F -alg (A, B) denote the set of all F -algebra homomorphisms from A into B, and let Hom is non-empty. For an F -algebra A, denote by rad(A) the Jacobson radical of A and A ss := A/rad(A) the maximal semi-simple quotient of A. Denote by A o the opposite algebra of A. If A is semi-simple, then one can write
where D i are division algebras over F , which is also called the Wedderburn decomposition of A.
One of our main theorems is the following, which solves Problem (P1). 
Theorem 1.2 provides a numerical criterion for the problem (P1).
However, it still looks technical. In the special case when B is a central simple algebra over F , the criterion in Theorem 1.2 can be simplified as follows (This form will be used for applications): 
where c i the capacity of the central simple algebra
Recall ( [7, p. 179] , also see Definition 2.6) that the capacity of a central simple algebra A is the number c so that A ≃ Mat c (D), where D is a division algebra, also called the division part of A.
The problem (P1) does not seem to be studied in this generality in the literature. The only related result we know was obtained by Chuard-Koulmann and Morales [1] , who studied, among other things, the embeddability of a Two approaches of studying embeddings of algebras are different. As we also need to deal with non-separable algebras, the method of Galois cohomology is not applicable in our situation.
The second part of this paper studies how many "essentially different" F -algebra homomorphisms there are from A into B. There are two natural notions of equivalence relations:
(1) Two F -algebra homomorphisms ϕ 1 , ϕ 2 : A → B are said to be equivalent if there is an element b ∈ B × such that
2) Two F -algebra homomorphism ϕ 1 , ϕ 2 : A → B are said to be weakly equivalent if there is an F -automorphism α ∈ Aut F (B) of B such that ϕ 2 = α•ϕ 1 . So the problem simply becomes asking for the size of the orbit set B × \ Hom F -alg (A, B) or the orbit set Aut F (B)\ Hom F -alg (A, B), where the groups B × and Aut F (B) act naturally on the set Hom F -alg (A, B) from the left. In this paper we consider the equivalence relation defined in (1) . Put Results toward this direction may be viewed as the generalization of the NoetherSkolem theorem. In [5] F. Pop and H. Pop showed that the orbit set O A,B is finite when B is separable over F . Recall [7, p. 101 ] that an F -algebra is said to be separable over F if it is semi-simple and its center Z is etale over F , i.e. Z is a finite product of finite separable field extensions of F . The second main result of this paper solves the problem (P2) completely. The answer turns out to be negative in general; the finiteness of the orbit set is encoded in the Kähler modules of the center of A ⊗ F B. We give a necessary and sufficient condition for A and B so that the orbit set O A,B is finite. In addition, we compute the precise number of |O A,B | when A or B is separable over F (a upper bound for |O A,B | is given in [5] when B is separable).
We now state the explicit result for O A,B . We may assume that B is simple; indeed if B = r j=1 B j is semi-simple, where B j 's are simple factors, then one has
, where ∆ is a division algebra over F . Write the maximal semi-simple quotient of ∆ ⊗ F A o into the product of simple factors:
where D i is a division algebra. We show (Proposition 2.3) that the algebra ∆⊗ F A o has the following form
where D i is an Artinian F -algebra whose maximal semi-simple quotient is equal to
and (1.5) See § 4.4 for the construction of such central division algebras ∆. This is the first example for the failure of the Hasse principle of embeddings fields in central simple algebras. Furthermore, we give a necessary and sufficient condition for a pair (K, A) so that the Hasse principle in question holds. We associate to each pair (K, A) an elementx
as follows, where V K and V F denote the set of all places of K and F , respectively. Put
and letx w be the class of x w in Q/Z, where 
F and the elementx vanishes. Theorem 1.6 states that the elementx is the only obstruction for the Hasse principle for an embedding of K in A. This can be used to study the Hasse principle for families of embeddings of fields in central simple algebras. For example, if δ = p n for n = 1, 2, 3, where p is a prime number, then for any central simple algebra A of degree δ and any finite field extension K with [K : F ] | δ, then the Hasse principle in question for K and A holds. One can also show that this is optimal. That is, if δ is not of this form, then there exist a central simple algebra A of degree δ and a finite separable field extension K with [K : F ] | δ such that the corresponding Hasse principle fails. We refer the reader to [9] for details.
Another applications are the determination of endomorphism algebras of abelian surfaces with quaternion algebras and the determination of characteristic polynomials of central simple algebras; see Section for details.
The paper is organized as follows. In Section 2 we determine when there is an algebra homomorphism between two given semi-simple algebras over a field in terms of numerical invariants. Section 3 treats the set of equivalence classes of homomorphisms. We give a necessary and sufficient condition when this set is finite, and when this set is finite, we determine precisely its cardinality. In Section 4, we give a few applications of general reults obtained in Sections 2 and 3.
2. The existence of F -algebra homomorphisms 2.1. Setting. Let F denote the ground field, which is arbitrary in this and next sections. All F -algebras in this paper are assumed to be finite-dimensional as Fvector spaces. As the standard convention, an F -algebra homomorphism between two F -algebras is a ring homomorphism over F , which particularly sends the identity to the identity. For the convenience of discussion, we introduce the following basic notion.
Definition 2.1. Let V be a finite-dimensional vector space over F , and A an (finite-dimensional) arbitrary F -algebra. We say that V is A-modulable if there is a right (or left) A-module structure on V . If B is any F -subalgebra of A and V is already a right (resp. left) B-module, then by saying V is A-modulable we mean that the right (resp. left) A-module structure on V is required to be compatible with the underlying B-module structure on V .
Theorem 2.2. Let A and B be two semi-simple F -algebras. We realize B as
r j=1 End ∆j (V j ), where ∆ j is a division F -algebra and V j is a right ∆ j -module for each j. Write A = s i=1 A i into simple factors as F -algebras. (1) The set Hom F -alg (A, B
) is non-empty if and only if for each
there is a decomposition of V j 
If ϕ is an embedding, then for each i at least one of V ji for j = 1, . . . , r is non-zero. Therefore, the direct sum ⊕ j V ji is non-zero. Conversely, suppose that we are given such a decomposition with these properties. Then we have a ∆ j -linear action of A on each vector space V j ; this gives an F -algebra homomorphism ϕ : A → B. Moreover, suppose that each direct sum ⊕ r j=1 V ji is non-zero. Then the map restricted to A i is injective for each i. Therefore, ϕ is an embedding. This proves the theorem.
2.2.
Tensor products of two semi-simple algebras. According to Theorem 2.2 we shall need to determine whether a vector space is A ⊗ F B-modulable for semisimple algebras A and B. When A and B are separable F -algebras, the tensor product A ⊗ F B is again separable [7, 7. 19 Corollary, p. 101]. However, the tensor product A ⊗ F B of two semi-simple algebras A and B needs not to be semi-simple.
The structure of A ⊗ F B seems not be well-studied in the literature when both A and B are not separable F -algebras. Proposition 2.3. Let A and B be two semi-simple F -algebras. Let
Therefore, without loss of generality we may assume that A and B are simple. Let K and Z be the center of A and B, respectively. Since K ⊗ F Z is a commutative Artinian F -algebra, it is isomorphic to the product t i=1 R i of some local Artinian F -algebra R i . Each R i is a both K-algebra and Z-algebra. We have
Let R be one of R i , and let m be the maximal ideal of R and
Since A and B are respective central simple K and Z-algebras, the map I → A ⊗ I ⊗ B gives a bijection between the set of (2-sided) ideals of R and that of C. In particular, rad(C) = A ⊗ m ⊗ B. Put C := C/rad(C). One has
where D is a central division Z ′ -algebra. Let {ǫ ij } ⊂ C be the standard basis for Mat m (D) over D; one has ǫ ij ǫ kl = δ jk ǫ il for 1 ≤ i, j, k, l ≤ m. By [7, (6.19 ) Theorem, p. 86], there exist orthogonal idempotents e 11 , . . . , e mm ∈ C such thatē ii = ǫ ii for all i and 1 = e 11 + · · · + e mm . For i = 1, . . . , m − 1, choose an element e i,i+1 ∈ e ii Ce i+1,i+1 withē i,i+1 = ǫ i,i+1 . The right multiplication by e i,i+1 (denoted by e i,i+1 again) is a lift of the right multiplication by ǫ i,i+1 : Cǫ ii ≃ Cǫ i+1,i+1 . By [7, (6.18 ) Theorem, p. 85], the map
is a C-linear isomorphism. Let e i+1,i ∈ e i+1,i+1 Ce ii be an element such that the right multiplication by e i+1,i is the inverse map of the map e i,i+1 : Ce ii → Ce i+1,i+1 . One thus has e i,i+1 e i+1,i = e ii and e i+1,i e i,i+1 = e i+1,i+1 . For i < j, define e ij := e i,i+1 . . . e j−1,j and e ji := e j,j−1 . . . e i+1,i . Put D := e 11 Ce 11 . As a left D-module, C is generated by {e ij } and it is easy to check that e ij e kl = δ jk e il for 1 ≤ i, j, k, l ≤ m. This shows that C ≃ Mat m ( D). This completes the proof of the proposition. 
is a D-module, and hence (1) For each j, write the maximal semi-simple quotient 
(2) For each j, i, write the maximal semi-simple quotient (2) By Proposition 2.3, for each i and j we have
Mat 
and we have Proof. By Theorem 2.7, the F -algebra K can be embedded into B if and only if there are positive integers n i for i = 1, . . . , s such that
where
, we have
It follows that c i = deg(∆) for each i.
F -algebra homomorphisms
In this section we shall find a necessary and sufficient condition for which the orbit set
is finite, where A and B are given semi-simple F -algebras. Then we determine the cardinality |O A,B | when it is finite. If we write B = r j=1 B j into simple factors, then one has
Therefore, we may and do assume that B is simple. Write B = End ∆ (V ), where ∆ is a division algebra over F . Write
as in Proposition 2.3 and put
Since there is an embedding of ∆ into Mat mi (D i ), we have
and (3.6)
By Theorem 2.5, the orbit set O A,B is non-empty if and only if there is a decomposition V = ⊕ i V i of ∆-submodules such that (3.7) dim ∆ V i = ℓ i x i , for some non-negative integers x i .
or equivalently, the partition set P (A, B) is non-empty. Proof. If W (1) and W (2) are isomorphic, then there is a ∆-linear automorphism g : V → V such that the following diagram
Equivalently, the condition in Lemma 3.2 says that W (1) and W (2) are isomorphic as right ∆ ⊗ F A o -modules. Using Lemma 3.2 and the discussion above we obtain the following result. Note following from (3.5) and (3.7) that V i is a right Mat mi ( D i )-module with
Using the Morita equivalence, the module Proof. By Cohen's theorem, one can write
with every equation f j (X) ∈ (X 1 , . . . , X n ) 2 . Then R admits a quotient D, x) . Therefore, it suffices to show that the set Mod ( D 1 , x) is infinite. We shall construct infinitely many non-isomorphic D 1 -modules M in Mod ( D 1 , x) . View D as a D 1 -module by inflation. For any element a ∈ F , put the orbit set O A,B is finite, that is, for every element (x 1 , . . . ,
It is clear that dim
Moreover, Note that the condition dim Zi m Ri /m 2 Ri ≥ 2 in (3.10) can occur only when F is infinite. The general case where B is semi-simple can be reduced to the simple case as Theorem 3.6 by (3.2).
As an immediate consequence of Theorem 3.6, the following result improves the main results of F. Pop and H. Pop in [5] . We have defined the set P (A, B) when B is simple. When B is semi-simple, if we write B = r j=1 B j into simple factors, then the set P (A, B) is defined as
Some applications
In this section, we give a few applications of the results in the previous sections.
4.1.
Characteristic polynomials of central simple algebras. Let A be a (f.d.) central simple algebra over an arbitrary base field F . Let A = End ∆ (V ) = End n (∆), where ∆ is a central division algebra over F , V is a right ∆-vector space of dimension. For any element x ∈ A = Mat n (∆), the characteristic polynomial of x is defined to be the characteristic polynomial of the image of x in Mat nd (F ) under a map
, whereF is an algebraic closure of F and d is the degree of ∆. This polynomial is independent of the choice of the isomorphism ρ and it is defined over F . We call a monic polynomial of degree nd is a characteristic polynomial of A if it is the characteristic polynomial of some element in A. A natural question is to determine whether a given polynomial is a characteristic polynomial of A. We have the following result.
ai be the factorization into irreducible polynomials. Put a characteristic polynomial of A if and only if for all i = 1, . . . , s, one has (a) a i deg p i (t) = n i d for some positive integer n i , and
The idea of the proof is to reduce first the case where f (t) is a power of an irreducible polynomial. More precisely, one can show that f (t) is a characteristic polynomial if and only if (a) a i deg p i (t) = n i d for some positive integer n i , and (c) each
Then one can show that the condition (c) is equivalent to that the field extension F i can be embedded into Mat ni (∆). Then we use Theorem 2.7 to show that this is equivalent to (b). The details can be found in [11] . We remark that when F is a non-Archimedean local field, the condition (b) can be replaced by the following simpler condition
)). This follows from the formula inv
4.2. Endomorphism algebras of QM abelian surfaces. We can apply the embedding result to determine all possible endomorphism algebras of abelian surfaces with quaternion multiplication (QM). Let D be an indefinite quaternion division algebra over the field Q of rational numbers. It is interesting to find out all Q-algebras E containing D which appear as endomorphism algebras of abelian surfaces. In other words, we would like to know which endomorphism algebra appears in the Shimura curve X D associated to the quaternion algebra D (and with additional data). Studying whether or not a semi-simple algebras over Q can appear as the endomorphism algebra of an abelian variety is a way to understand structures of abelian varieties. See Oort [3] for detail discussions and extensive information for this problem. (1) Suppose that A is not simple. Then A is isogenous to C 2 for an elliptic curve C and the algebra E is isomorphic to one of the following The algebra D (the case (2) (i)) can occur as we can take a generic complex abelian surface with QM by D. Recall that an abelian variety in characteristic p > 0 is said to be supersingular if it is isogenous to a product of supersingular elliptic curves over a finite field extension. The case (ii) of Theorem 1.1 (2) can occur only when the quaternion algebra D satisfies certain conditions. In this case, the algebra E is determined by its center K, and there are only a finite list of possibilities for such K. More precisely, we have the following result. (1) The center K of E is isomorphic to Q(ζ n ) for n = 3, 4, or 6.
(2) p | S and p ≡ 1 (mod n), where n is as above, and for any other prime ℓ | S, one has either ℓ|n or ℓ ≡ −1 (mod n), that is, ℓ does not split in the quadratic field Q(ζ n ). These results contribute (Theorems 4.2 and 4.3) new cases to the problem of semi-simple algebras appearing as endomorphism algebras of abelian varieties as mentioned above (see Oort [3] ). The proofs and details will be published elsewhere.
In the last part of this section, we add some details to the local-global principle for embeddings of fields in simple algebras in Section 1.
4.3.
Embeddings over global fields. We let the base field F be a global field. Let A be a central simple algebra over F and let K be a finite field extension of F with k := [K : F ] | deg(A). Consider the local-global principle for embeddings of K in A. That is, if there exists an embedding of
F , does there exist an embedding of K in A? When K has the maximal degree, the answer is yes and this is a useful result.
We use the following notations • A = End ∆ (V ), where ∆ is the division part of A, and V is a finite right ∆-module of rank n.
• k := [K : F ] and δ := deg(∆).
• For any place v of F , denote by F v the completion of F at v. Put
where D v is the division part of the central simple algebra ∆ v and s v is the capacity of ∆ v .
•
, where ∆ ′ is the division part of the central simple algebra ∆ ⊗ K over K, and c is its capacity. One has (4.1) δ = δ ′ c.
• For any place w of K, put
w is the division part of the central simple algebra ∆ ′ w and t w is the local capacity of ∆ ′ at w.
• For each place v of F , write
One has, by the Grunwald-Wang theorem
where V F denotes the set of all places of F .
One has
where V K denotes the set of all places of K.
Given K and A, we have, for each place v of F , • a tuple (k w ) w|v of positive integers, and
for almost all v, and (iv) (Global class field theory) one has
We compute all other numerical invariants δ, c w , d Now we analyze the obstruction to the corresponding local-global principle. Similar to (3.6) we define for each v ∈ V F a finite set (4.6)
where ℓ w := k w /c w . Theorem 3.3 (also with Theorem 2.5 (2)) states that there is an isomorphism The vanishing of the classx is an obstruction for the set Hom F (K, A) be non-empty. Moreover, the following result states that this is the only obstruction. In this subsection we shall construct a family of examples (K, A) so that the Hasse principle for (K, A) fails. Proof. This follows from the Hilbert irreducibility theorem and Krasner's lemma; also see a proof in [10, Lemma 3.2].
Let K be any finite separable field extension of F of degree k = [K : F ] > 1, and let δ be a positive integer with more than one prime divisors and divisible by k. Write δ = p 
and
Choose a central division algebra ∆ over F with following local invariants:
• 
Since k ≤ s vi , the sets E vi and E v ′ i are non-empty; the remaining sets E v for unramified places v are also non-empty due to k | δ.
Suppose that the Hasse principle for (K, ∆) holds, then one has x wij ∈ N for all i by Theorem 4.4. This implies that k = 1 as gcd{s vi } i = 1, a contradiction.
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